IOPSClence iopscience.iop.org

Home Search Collections Journals About Contactus My IOPscience

A field-theoretical approach to one-dimensional Brownian motion in a cosine potential

This article has been downloaded from IOPscience. Please scroll down to see the full text article.
1994 J. Phys. A: Math. Gen. 27 6683
(http://iopscience.iop.org/0305-4470/27/20/009)

View the table of contents for this issue, or go to the journal homepage for more

Download details:
IP Address: 171.66.16.68
The article was downloaded on 01/06/2010 at 22:07

Please note that terms and conditions apply.



http://iopscience.iop.org/page/terms
http://iopscience.iop.org/0305-4470/27/20
http://iopscience.iop.org/0305-4470
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience

1. Phys. A: Math, Gen. 27 (1994) 6683-6696. Printed in the UK

A field-theoretical approach to one-dimensional Brownian
motion in a cosine potential

Toshihiro Tanizawa
Department of Physics, Kyoto University, Kyoto, 606-01, Japan

Received 9 June 1994

Abstract. One-dimensional {10) Brownian motion in a cosine potential for the case of weak
noise is considered quantitatively. The probability distribution of the motion is derived through
the ‘instanton’ treatment of quantum field theory under some assumptions, This approach leads
to a convenient form of the probability distcibution for the caleulation of the mean-squared
deviation and/or the effective diffusion constant. Comparison with numerical simulations is
reported.

1. Introduction

Brownian motion is that undergone by a particle in a thermal reservoir. This motion is
modelled by considering the particle to be subject to a stochastic noise force. Because
of the randomness of the noise, the position of the particle is described by a probability
distribution that the particle is within a given position interval at a given time when the
original position is specified.

There are several examples in which the probability distributions are exactly known [1].
One of these is, of course, the Brownian motion of a free particle. In this case, the particle
can run away anywhere as the cbservation time tends to infinity. Aunother well known
example is the so-called Ornstein—Uhlenbeck process, describing the stochastic motion of
a particle subject t0 a harmonic potential in a viscous medium, In this process, the mean
deviation of the particle is always finite however long we may observe; the motion is
confined around the minimum of the harmonic potential. The reason for this confinement
is obvious, In a harmonic potential, the further the particle moves from the minimum, the
stronger is the force which brings the particle back.

Motion in a ID cosine potential has, in some sense, an intermediate nature between that
of the free particle and that in a harmonic potential. Here, the potential has multiple minima,
and the direction of the force changes periodically. When the particle is near a minimum,
the potential to which the particle is subject is almost harmonic, and the particle is pulled
back to the original minimum. Thus, if we observe the motion locally, it is similar to that
of the Ornstein-Uklenbeck process. However, when the particle moves a distance equal to
half the period of the potential, the direction of the force changes, and the particle tends to
be pulled toward the next minimum. Thus, if we see the motion globaily, the particle can
diffuse to any distance from the original minimum as the observation time tends to infinity.
In other words, the universality class of the motion is that of Brownian motion of a free
particle., The effective diffusion constant is, however, much reduced from the original one
because of the pull-back force. When the ‘bare’ diffusion constant is sufficiently small, the
particle will remain at the original minimum even after a very long time. In such cases,
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the motion is effectively confined to one particular minimum during some characteristic
time. The characteristic time may be so long that, in the application to real problems, the
diffusive nature of the motion does not appear during a practical observation time.

In order to clarify this point, a quantitative study of the probability distribution of this
motion is needed. There are, of course, many studies on Brownian motion in a periodic
potential [2]. To the best of our knowledge, however, no convenient form of the probability
distribution of Brownian motion in a genuine cosine potential can be found in the literature,
even under approximations.

In this paper, we treat the probability distribution of this system to fill this gap. We
proceed as follows. In section 2, the probability distribution of the motion for the case of
weak noise is derived. In the derivation, a functional integral approach is used. As far as
we know, there is no previously existing explicit use of this approach for the consideration
of the probability distribution of the system in question. Using this result, the mean-squared
deviation and the effective diffusion constant are calculated. In section 3, the qualitative and
quantitative picture of this Brownian motion is described. In addition, the comparison of
these resuits with numerical simulations is reported. The technical details of the calculation
in section 2 are included in appendices.

2. Derivation of the probability distribution and the effective diffusion constant

The system of interest is described by the following Langevin equation:

d
E;q(t) = —Fsing(t) + v(7) (1)

where g(?) is the position of a particle at time ¢, 8 is the height of the potential, and v(¢) is
a ‘white noise’ force. The time—time correlation of this noise force is given by the equation

{v(e)w()) = 2Ds(t — 1) 2)

where D is the diffusion constant of the system, and §(x) is the Dirac delta function. We
rewrite (1) and (2), rescaling time to obtain the following equations:

d .

E;q(r) = —sing() + v(1) (€}
and

(w()v(')) = 28(t — T') 4)

where (= B¢) is the dimensionless time, and a(= D/B) is the dimensionless diffusion
constant. In the following, the terms ‘time’ and ‘diffusion constant’ will always denote
these dimensionless quantities.

Our concern is the probability distribution P (g, T') that the particle is in a given position
interval (g, g +dg) at a given time T. We take the position at 7 = ( to be ¢ = 0. Generally
speaking, in the study of probability distributions of stochastic processes, it is common to
consider the Fokker—Planck equation of the system with suitable boundary conditions. In
this case, the Fokker—Planck equation is

82
8g®
It is very difficult, however, to solve this differential equation analytically.

] a .
3 FPa =« P(q,f)+5"5(smqf’(q,f))- &)
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Rather than atterpting to solve this Fokker—Planck equation directly, we take another
approach. It is known that the solution of the differential equation (5) is formally expressed
in the functional integral representation [3]

P, T) =NfD¢I(T)CXP(— ﬂ%} (6)

where the “action’ functional is

T/2
SIg(z)] = f drLig) @

with the ‘Lagrangian’

1[/d 2
Lig(z)] = 5[ (E;q(r) + sinq(r)) -2 cosq(r)J . (8

N in (6) is a normalization constant, The functional integration is taken over the set of all
paths which satisfy the boundary condition that the particle is at the origin when v = —T/2
and at the position ¢ when T = T/2. Notice that for convenience we have redefined the
origin of time.

Even in this representation, it is very difficult to perform this integration under the
most general conditions. We therefore confine our interest to the case of a small diffusion
constant of the order unity or smaller and long observation time of the order 10* or more.
As stated in the introduction, this case is of interest in this paper. In addition, we make
the following argument in order to simplify the form of the probability distribution from
a physical point of view. As described in the introduction, the motion near each potential
minimum is almost the same as that of the Ornstein—Uhlenbeck process when the diffusion
constant is small. The Ornstein—Uhlenbeck process has the following normalized stationary
probability distribution:

a—@-m)*/2a C))

Poulg; qo) = Tire

in our units; go is the position of the potential minimum, We assume that the probability
distribution in a cosine potential can be decomposed in the following form:

P(g,T)=Y_ Puz(a, T)Pou(g; 2n7) (10)

where n is an integer. The normalization condition becomes

> Pour(e,T) =1 (11

since Pou(q; 2nm) is already normalized. Po,,(c, f) can be interpreted as the discretized
probability that the position of the particle falls within one particular sector {(2n — 1) 7,
(2n + 1) ) after a long time T for a small diffusion constant . The boundary condition
for the evaluation of Py, (e, T) isthatg =0 att =-T/2andg =2nmw at T = T/2.

In this case, we can use the ‘instanton’ treatment of gquantum field theory for the
evaluation of the functional integral. When « is sufficiently small, the functional integral in
(6) is almost completely poverned by the paths which give the extrema of the action. Such
paths satisfy the Euler—Lagrange equation

2
;;5 g(t) =sing(r)cosg(7) + asing{t}. (12)

The trivial solution is the stationary solution, g(t) = 2r. But this path does not contribute
to the probability Por{e, T) when n 5 0. The important solution for our problem is the
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Figare 1. Shapes of instantons for three values of
. . . o. The ‘jump’ time at which each instanton passes
D'Elzn.o -10.0 0.0 10.0 200 through the potential maximum s is chosen to be
time Zer0,

‘instanton’ solution. This solution satisfies the boundary condition that the position at
T = —00 is 2nr and that the position at T = 400 is 2(n &= 1)w. The solution with the
positive sign is called an instanton, and that with the negative sign is called an anti-instanton.
At an arbitrary time during this interval, the particle at a given minimum ‘instantaneously’
tunpels through the potential barrier to the next minimum. From the direct integration of
{12), we can obtain the implicit expression of the instanton solution

7 a7

T—T= f —— (13)
@rsr y/sin’ § + 4o sin®(G/2)

where 1 is the time when the particle passes the maximum of the potential. We call this

7o the ‘jump’ time. g takes a value between 2nw and 2(n + 1)z, This integration can be
performed analytically, and we have

2 2 2
L (Ja+e)(+ud) +uo) —a

o= 0]:4 3

(14)

with
g = cos(g/2) 2nw L q < 2(n+ Dx. (15)

The shapes of the instantons are shown in figure 1 for several values of «. The order of
the ‘width’ of these instantons are about ten in our unit for the values of « in interest.

Using these ‘instantons’, we can perform the functional integration in (6). Although
the calculation is fairly siandard [4], we describe it briefly for the sake of completeness.
Each path which contributes to this calculation starts from the origin at T = —7/2 and
reaches the position 2nmr at v = T/2. Between these times the particle can go anywhere.
Now, the diffusion constant o is very small and the observation time T is very long by
assumption. In this case, the important paths are arbitrary connections of m-instantons and
m-anti-instantons which satisfy the relation m — s = n. In figure 2, we show an example
of such paths.

Before proceeding with the evaluation of the functional integral, we should note that
the following calculation is based on the so-called dilute gas approximation, in which it is
assumed that the distance between each instanton is large compared to the width of one
instanton. This assumption is justified because the observation time T ~ O(10%) is very
large compared to the width of the instantons (~ 0(10)). A more detailed account of the
validity of this approximation can be found in the next section.
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Figure 2. An example of the path which contributes to P»y. This path consists of three
instantons and two anti-instantons. The ‘jump’ times of instantons are denoted as t1, 12, 13
and that of anti-instantons as =*1, *2,

In the dilute gas approximation, the width of an (anti-)instanton is considered to be
infinitesimal. The contribution from one particular path (e.g. the one in figure 2) consists
of the following factors.

(i) Since the locations of each instanton in the interval (—T/2, T/2) are arbitrary, there
is a factor due to the integration over the location of the centre of the m instantons:

T/Z It Soe—1 Tm
dt;f drz---f dt, = — . (16}
-1/2 -1 -T2 m:

Similarly, the factor from the / anti-instantons is T /!,
(ii) From each (anti-)instanton, there is a factor due to the action of a single
(anti-)instanton, which we denote as Sp. We have

1+.4/1
So=4 «/1+a+alogﬂ (17N
Ja
after an elementary calculation (see appendix A).
For the m-instanton and m-anti-instanton path, the factor due to this action is

m+m
[exp (—%)] . (18)

(iti) Finally, we include the harmonic fluctuations arcund the path. One instanton path
is almost straight except in the vicinity of the ‘jump’ time. In figure 3, we show three time
regions in an instanton path in the time interval (—¢/2, ¢/2). The ‘jump’ time is #. In the
regions #; and #y, the path is considered to be straight. Since the region fy is infinitesimal
compared to the whole interval, the factor due to the fluctuations around this path can be
written as

A+ fep_ 4 A +ep”
~4mo 27 o

where K is a correction factor from the contribution from the region #g. For a detailed
description of the calculation of K, see appendix B. To sum up, the factor due to the
harmonic fluctuations for the m-instanton and /r-anti-instanton path is

(fluctuation around a straight line} x K = (19)

(1 -:a)l/4 e—T‘v’H'_ﬂf/ZKm-l-rﬁ . (20)
T

Up to now, the contribution from ore particular path is
1 KTe 5/2)" (K Te~50/2)"
(1+a) o~ T/ ( ) ( )

4o m! m!

. (1)
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Figure 3. Three time regions of an instanton. In regions I and III, the path is almost straight.
A significant contribution of fluctuations different from a straight line comes from region il

After summing up all the contributions from the paths which satisfy the condition
n = m — m, we have the expression for Pa,.; (o, T), which is

=50/ 2a)™ ~So/2r)™
(K Te=%o/2) (KT{ ) (22)

m! m!

Py = (n-independent factor) ZS,,,-,,—,_,,
m,m
where 3; ; is the Kronecker & symbol.

With the help of the identity

= do | ;
2V Lig(m—m—n) 73
e 23)

we can calcolate Py, (o, T) as

% g9 o (KTemS/R6)" _ (KTe-S/tag-i0)
P2rm ch ge in Z

sm—rﬁ,n =

1 7l
. m! = !

2
= f g—ge‘m" exp [K Te™50/22 (¢¥f + e)]

0
o dg i -5
= —e " exp (2K T~/ cos 8)
o 27
= In(z{e, T)) (24)
with the argument z(¢, T), which is the dimensionless time-scale of the motion
z{o, T) = 2K Te~ S/ 25)

5/4 N
=4 EMTCKP [_2 (,/1+a+alogu)] . (26)
Vr « o N
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I(z) is the modified Bessel function of the nth order. Notice that the dependence of this
time-scale z(&, T) on ¢ is highly non-analytic for smail . In other words, this result cannot
be obtained through a perturbative approach.

For normalization, the identity

& = Io(z) +201(z) + 2I2(2) + - - - 27
is useful [5]. Using this identity, we obtain the normalized probability distribution:
Pyn (e, T) = Inz(e, T)Yexp(—2(e, T)). (28}

This is the first result of this paper.

The next important quantity of the motion is the mean-squared deviation as a function
of observation time. Now that we have the probability distribution, we can calculate this
quantity as follows:

<q2>=f dg ¢* LZ‘, e =1(z)F

—(q—hﬂ)z/h]

’=“Ze"1n(z) f i7" ——
_Ze'zf,,(z)f (q+2mr) %
=Y dnn 'ZI,,(z)+Ze ! (z)f ey i

=472t Z 1 (2) + .
H=—00

e—(q—ZmrJ’fZa

a—d /2

In order to calculate the first term, we use the identity 5]

[+ o]
29 = [o(z) + 22 L,(z)cosnd . {29)

n=1

After taking the derivative with respect to & twice, we set 8 = 0, and we have
=]
268 =2 nth(2)
n=1

- Z n?l,(z). (30)

R==—0C0

Thus, the mean-squared deviation becomes

(g% =4n’z +a. (31)
Since z = 2K Te /22,
(g% =4n*2KTe S0/% 4 o (32)

Therefore, after a long time, the mean-squared deviation is almost proportional to the
observation time; in other words, the long time behaviour of the motion is indeed that
of the free diffusion.
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The effective diffusion constant of the motion is well defined

2
car =i, 7 :
= 42K e 50/
1+ o)’ 2 \/
=87r«/23rﬂ—--exp - dl-[—a—i—alogu . (33)
o o Jo

This is the second result of this paper.

3. Discussion and conclusion

First, we argue the validity of the dilute gas approximation. In the dilute gas approximation,
it is assumed that the instantons or anti-instantons on each path are well separated. This
means that the important paths in the summation in (22) are those of which the density of
instantons or anti-instantons is small. For any fixed x, the terms in the exponential series,
3>, x"/n!, grow with n until n is of the order of x, and after this point, they begin to
decrease rapidly. Applying this to the sum in (22), we see that the important values of m
are those for which m ~ KTe™%/%, Thus, the important density of the instantons in the
summation in (22),

m
— o~ Ko S/ 34
T © 349

o~

depends only on . For o = 0.1, Ke™5/%® = 33 x 10~'0, This value increases
monotonically with «. For @ = 0.5, Ke~%/2% = 39 % 103, Therefore, the dilute gas
approximation is valid for values of @ of interest.

Next, we proceed to the qualitative and quantitative discription of Brownian motion in
a cosine potential using the probability distribution derived in the previous section.

In figure 4, we plot the effective diffusion constant (33) as a function of the ‘bare’
diffusion constant . The plot is for 0.15 € & £ 0.20. For comparison, we also show
in this figure two sequences of data obtained by direct sampling of the Langevin equation
(1). For each data point, we took the mean-squared deviation {g2} of 1000 samples after
a running time T = 3 x 10*. The diffusion constants were calculated as {g?)/2T. For
o < (.15, the mean-squared deviation is of the order of the bare diffusion constant ¢, and
does not increase during the running time of the simulations. For a < 0.17, the fittings are
satisfactory, and we may say that for such values (33) describes the nature of the motion
well. For ¢ > 0.17, the deviation of the theoretical values from the data obtained by
simulations becomes larger. This manifests the invalidity of the saddle-point evaluation
of the functional integration. Note that the theoretical values are always larger than those
found from simulations. This means that the value obtained from (33) can be used as an
upper bound of the effective diffusion constant for any values of a.

Next, we consider the time evolution of the position of the particle.

As described in the previous section, the qualitative nature of the motion is that of the
free particle diffusion. In other words, the particle can always escape from the original
minimum however small the diffusion constant is. In many cases of the application to real
problems, however, there is an intrinsic Hime-scale of the system, and the situation that the
motion is effectively confined to the original minimum within this time-scale can occur.

Using the expression of the mean-squared deviation (32}, we can define the characteristic
time T as the value at which the relation

(g} = 4n22K Tre™5/™ 4 o = 4x? (35)
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Figure 4. Effective diffusion constants are plotted as a function of a “bare’ diffusion constant.
For comparison, two data sets obtained from numerical simulations are also plotted, Below
o = 0,17, the fitting is satisfactory,
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Figure 5, Logarithm of characteristic times T; during which the particle is confined to the
original minimum are plotted as a function of a diffusion constant.

holds for a given value of o; (g?) > 4n? implies that the particle begins to diffuse to the
next minimum. For T < T, the particle motion is confined to the original minimum. In
figure 5, we show the plot of this characteristic time 7. Since the values of (g%} used here
is an upper bound, that for T} is a lower bound. For & < 0.17, this is a very good lower
bound. For ¢ < 0.2, the characteristic time is larger than 10,
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In conclusion, we have calculated the probability distribution of Brownian motion
in a cosine potential for a weak noise using the ‘instanton’ treatment of quantum field
theory under some assumptions. The mean-squared deviation and the effective diffusion
constant have also been calculated. Comparison of these results with numerical simulations
are satisfactory where the ‘instanton’ treatment is valid, and the calculated values of the
effective diffusion constants give an upper bound even in the region where the treatment is
invalid. The characteristic time during which a particle is effectively confined to a particular
minimum has been defined for a given value of the diffusion constant. This characteristic
time becomes very long when the diffusion constant becomes small.
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Appendix A. The action of a single instanton
The instanton path satisfies the Euler-Lagrange equation
g =singcosg + osing.
Multiplying this by g, we have
(cj)2 = % l —cos2g)+2x(l ~cosg) .

Thus, the time derivative of the instanton path satisfies the equation,

g =\/;in2q +4asin2%. (A1)

The action of a single instanton is calculated as follows:

T2
So=f drif (g +sing)® +2a (1 —cosg) ]
T2
e o]
Ef dzif (g +sing)* + 20 (1 — cosq) |
= N
=f dr%(¢2+sin2q+4asin2—)+f drgsing.
. 2) " )
The second term vanishes, and, using (A1), we have
-] 2%
so% [ ey = [ s
- 0
= q
= f dq‘/sin2 g + da sin® =
o 2

1441
=4(s/l+a+alog%).
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Appendix B. The fluctuation around the one-instanton path

In this appendix, we show the detailed description of the calculation of the factor K in
section 2.
An instanton is a classical particle which moves in a potential

Vig) = ;cos2g + ercosg.
In order to include fluctuations around a one-instanton path, we write an arbitrary path as
an instanton plus fluctuation around it,

g{t) = g@t) + 3q(t)
where we denote an instanton as g{t). The contribution from this one-instanton path to
P?J]Jz iS

1
Nf’Dq exp (—2—6!5[4(1)])
= Ne'-“sn/h f ‘D[sq] exp [—5]&— j:oo dt%éq (_3:2 ~+ V”(q-))aq]

= Ne ™%/ [det(— 82+ V(@)] " (B1)
where V"(g) is the second derivative of V(g), and det (—32 4+ V"(7)) is the determinant of
the operator (—87 + V"()). The operator (—37 + V"(§)) has, however, the zero-modes;
we can verify that §/./Sp is indeed the solution of the zero-mode eigenvalue equation

(- 82+ V'@)go(t) =0
with the normalization condition of the solution

f dtlgo() = 1.

Thus, (B1) diverges at first sight,

This divergence is fictitions. It is known that the integration of the amplitude of the
zero-mode fluctuation is identical to the translational freedom of the ‘jump’ time of an
instanton within the time interval (—7T/2, T/2), and that the factor /Sp/4maT takes care
of this integration [4].

Thus, (B1) becomes

- S t Hr= N1~
Ne S““"ﬂ/ﬁ'r[det (a2 +v'@] ™" (B2)

where det’ means the determinant with the zero eigenvalues excluded.
On the other hand, this is equal to

14
0! -{;ﬂ) / e~ TU+a)/2 g pa=So/2 ®3)
o
It can be proved that
174
Me_ruﬁ}/z = N[det (—3:2 + 14 0!)]‘!/2 .

4o
After equating (B2) with (B3), we have

[ S [ det (—82 + 1 +«) }‘/2
K= -
dra | det' (—87 + V”(q))

=] k. (B4)
4o
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Now, we proceed with the caicuiation of K. We caiculate this quantity with the aid of
the Fredholm determinant [6].

The Fredholm determinant is defined as
det (H — E)

A(E) s ————"
det (Hp — E)

with respect to two operators B and ﬁu. This is a function of a real parameter E. In our
problem,

H=-32+ V")
and
Hy=-8+1+4a.
It should be noted that
Vg - 1+o t— %00,
(We write 8% = 1 + « in the following.) _
Using this Fredholm determinant, we can evalvate X as follows:

y [detflo]m Hm[nf,(E,,—E)]"”

det’ H = T, (Eew — E)
o AEY\H? _ Feny =172
= lim (_T) = (—4a(0)) (B5)

where E, and Ey, are the eigenvalues of H and Hy, respectively; [1° means the product
with the zero eigenvalues is excluded.

For the evaluation of A'(0), we borrow a technique from 1P scattering theory. Let us
consider the scattering problem represented by the Schridinger equation

[+ Vly = Ey (B6)

where E > 2. The solutions are parametrized by E. There is a two-fold degeneracy of
the solutions for each value of E, reflecting the fact that the wave can approach from either
direction. These solutions, denoted by f. (¢, E), have the following asymptotic forms:

fult, E) — =¥ t = 00

. . B7
fi(t, E) = ¥ AL(E) + 2 Fu(E) t — Foo @D

where k% = E ~ B2 The reason that we take these asymptotic forms is because it is known
that

F (E) = F_(E) = A(E).
The Wronskian is defined as
W[ £, E), f-(t, EN] = F4 (¢, B8 f-(2, E") = 8 fo(t, E)F-(1, E).

Taking the time derivative of the Wronskian and using the fact that f..(¢, E) are the solutions
of (BG), we have

QW [+, E), f-(t, EN] = (E — E'Yfu(t, E)F-(t, E').
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We are now interested in the case that E, E' ~ 0, because we want to calculate A’(0).
We know that the zero-mode solution is proportional to ¢, The asymptotic form of g is
calculated from (14),

. 1 5
g4 j;e“ﬁ‘ = Ae~P t > +o0,
So that
fe0=4%.
Thus,
@ ,
W — fL 6,0/, 0) = E,E' =0,
After integrating with respect to ¢ from -0 to oc, we have
Sp
f dt 350, W — F dt @=%% EE-O. (B3)
On the other hand, when E = (, the asymtotic forms {B7) become
(1, E) — e~B t — Feo
fe(t, E) (B9)

Filt, E) — P A (E) + fMA(E) t — Foo.
Using this, the leading terms of the Wronskians are
W {f(t, B), f-(1. EN] = 2BA(E") for E~E ~0 and t— o0
and
W fe@, B, £-(t, EN] = 2BA(E) for E~AE =0 and t— —c0.
Hence

f ” dt 3, W = 28(A(E") — A(E)).

-0
Thus
m - ~
aEf de 3, W = —28A'(E) — —=2BA'(0) E,E'-0, (B10)

—00

Equating (B8) and (B10), we have
o S
—2BA(Q) = 322 .

So,
A0 =
28A2
From (B5),
. [28
= .—A
K 5
_o [rare
So J_ '
This completes the calculation of K. From (B4),
- 4 (1 3/4
X = S K - (1+a)

2r o
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